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Abstract 

We discuss the validity of a formula concerning a relation between func- 
tionals in quantum resonance scattering, which is often used in the current 
literature. 



X 

1 Introduction. 

This paper is a contribution to the theory of resonance scattering in which we 
discuss the validity of some formulas and concepts that appear in the current 
literature. This kind of formulas are usually derived formally and used directly. 
Thus, an interpreation of them from the point of view of mathematical rigor is 
usually necessary to know their conditions of validity. 

By resonance scattering we mean a scattering process that produces reso- 
nances [p, 0, ||. We assume that this scattering process satisfies properties of 
regularity such as: existence of the M0ller opeartors, asymptotic completeness, 
absence of singular continuous spectrum, etc. Resonances are characterized by 
pair of poles on the analytic continuation of the S'-matrix beyond the cut on the 
positive semiaxis in the energy representation M, 0], ||. These pairs of poles 
have a real part which coincides with the resonance energy and an imaginary part 
which is the inverse of the mean life. They are complex conjugate of each other. 
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Some additional conditions on the behaviour of the S'-matrix on the second sheet 
are also imposed ||. Under this conditions, we can separate the exponentially 
decaying part of a resonance from the background 0, ||. This exponentially 
decaying part, also called Gamov vector, is not a regular state in a Hilbert space 
and can be defined as a functional belonging to an extension of Hilbert space. 
This extension is given by a rigged Hilbert space (RHS). 

Gamov vectors can be defined even if regularity conditions for the S-matrix 
are not present, but then, the difficulty arises in the separation of the exponen- 
tially decaying part from the background. If the S'-matrix poles are not simple, 
in addition to the exponentially decaying Gamov vectors, it must exist other 
functionals, also called Gamov vectors, for which the decay is a product of an 
exponential contribution times a polynomial on the time. These objects are the 
so called multiple pole Gamov vectors, which are introduced elesewhere |J, 0. 
Their energy representation has a Breit-Wigner part (as the exponentially decay- 
ing state vectors) plus other contributions [[). 

The RHS formalism for resonances and Gamov vectors has been introduced 
many times |J, @, [§], @, @, @, 0. Therefore, we refer the interested reader 
to the mentioned literature and the references quoted therein for this formalism. 



Here, we are using the notation of reference j7|. See also []T0| . Nevertheless, some 
remainder is necessary in order to make this paper self contained. 

We start with the space of Hardy functions on the upper, 7ii, an lower, Tt^_, 



half planes ([Tl[] and we intersect them with the Schwartz space S. The restrictions 
of the functions on these spaces to the positive semiaxis give two locally convex 
nuclear spaces || , which are denoted as S fl H± | R+ and their respective duals by 
x (S n W±| R +)- The triplets given by 

snnl\ R+ c l 2 (m+) c *(snnl\ R+ ) (1) 

are RHS. 

Next, we assume that the free Hamiltonian, K, and the total Hamiltonian, 
H = K + V, have an absolutely continuous spectrum which is not degenerate and 
coincides with the positive semiaxis. The asumption in the nondegeneracy of K 
and H is not strictly necassary and we insert it in order to simplify the model and 
hence the notation. Under this circumstance, there is a unitary operator between 
the Hilbert space of the free states of our system and L 2 (R + ), the space of 
the energy representation, that diagonalizes K, i.e., UKU~ 1 is the multiplication 
operator on L 2 (M+). If $ T = U' 1 (S n W±| R +)> we have two new RHS: 

$± C H C x $± (2) 

where 7i represents the total Hilbert space if K has not eigenvectors. If K has 
eigenvectors, like in the Friedrichs model, we have to consider the absolutely 
continuous part of H with respect to K, which is defined as: Ti^K) := H Q. 
Here Q is the space of bound states for K. 
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Since the M0ller operators, Q±, exist and have the right properties, we can 
define $ ± := fi ± <E» ± . We have new RHS: 



^ C H ac (H)C x ^ ± (3) 

It is precisely in the space x $ ± where the Gamov vectors live. 

The purpose of this paper is to discuss some formulas and constructions that 



sometimes appear in the literature [12], |13|, [14], [15 and that find their own 



motivation precisely in the RHS formualtion of resonance scattering. We shall 
present our arguments in the remaining part of the present article. 

2 Presentation. 

As we have just mentioned in the Introduction, we wish to contribute to clarify 
certain difficult aspects which remain obscure so far. We start with a formula 
which is often showed and try to discuss its validity. 

The point of departure is the RHS given in (§) with plus sign. Let ip + G <fr + . 
The theorem of Gelfand and Maurin establishes the existence of a complete set 
of generalized eigenvectors of the total Hamiltonian H such that, V ip + G 

POD 

ip + = / dE\E + ) ( + E\ip + ) (4) 
Jo 

and H\E + ) = E\E + ). On the other hand, take ip~ G <$> and (p + G <fr + . We have 
the following formula: [|l| , @ , || 

/•oo 

(V>~¥> + )=/ dE(i;-\E-)S(E + iO)(E + \(p + ) (5) 
Jo 

where the functionals \E~) G are also generalized eigenvectors of H. From 
(fD and (|), one gets: 

/"OO 

V?+= / dE\E-)S(E + iO) (E + \<p + ) (6) 
Jo 

Comparing flD with (H), one is tempted to conclude that 

\E-)3{E + iO) = \E + ) (7) 

This is the first point we want to comment. First of all, we have to realize 
that formulas @ and @ do not refer to the same kind of object. On (|j), (p + 
represents the unique element of x $ + which is the image of <£> + G into x $ + 
by the natural imbedding. On (Q), it is an element of x $~ which does not come 
from $~ but from the Hilbert space (which contains Therefore, they are 

functionals on two different spaces. In addition, the functionals \E~) and \E + ) 
act on two different spaces. Therefore, they cannot be proportional to each other. 
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Nevertheless, one may think that the functionals \E~) and \E + ) could be 
extended into the space $ = $ + + $~ and then finding a possible relation 
among them. The space $ can be endowed with a topology using the topologies 
on <fr + and <fr . 

In general, topologies on a locally convex space are given by a family of 
seminorms. Seminorms have the same property of norms with the exception 
that the seminorm of a nonzero vector may be zero. In particular, norms are 
seminorms. If a vector space $ is the direct sum of two locally convex spaces: <fr = 
$1 $2, we can construct a locally convex topology on it defining seminorms. 
In fact any can be uniquely written as ip = ipi + if 2, where ipi G $1 

and ifi2 G ^2- Then, if is a seminorm on $ x and P2 is a seminorm on <fr 2 > 
p(y?) = pi(y?i) +^2(^2) defines a seminorm on $ and all seminorms on $ are 
defined in this manner. 

However, if $!n$2 is nontrivial, a vector of $ cannot be written in a unique 
manner as the sum of a vector of $1 plus a vector of $2, but there are infinitely 
many choices in general. For this reason, the seminorms in the sum space $ 
cannot be written as above. It is nevertheless true that for a seminorm pi on 
and a seminorm p 2 on <fr 2 we have a unique seminorm p on $, which is defined 
as: 

= inf{pi(>i) + P2O2)} (8) 

where the infimum is taken over all possible forms of decomposing ip G «fr as a 
sum of a vector in $ x and a vector <^ 2 in «fr 2 - 

In our case, this nonuniqueness is a bad property, and contributes to make 
useless the space $ := $ + + Let us show why. One may think that the 
vectors \E + ) and \E~) could be extended to this sum and then, they could be 
compared. This is false for simple algebraic reasons. The problem arises because 
the operations that carries $ + and <fr to spaces of Hardy functions are different. 
This operation is a product of a M0ller operator times a unitary operator and we 
use a different M0ller operator in each case. Thus, if ip = ip + +ip~ and ip~(E) is the 
Hardy function corresponding to ip + and <p + (E) the Hardy function corresponding 
to <p~, the function f(E) = <p~(E) + f + (E) is well defined although it depends 
on the way that we decompose ip as a sum of an element of $ + and an element 
of To show it, let us take (p G H . As a vector in <fr + , ip is represented 
by the function ip-(E) = UVf^ip. As a vector in <E» - , ip is represented by the 
function ip+(E) = UVtZ l ip., which are different in general. Thus, the mapping 
given by 

ip^ip(E) (9) 

is not well defined. Unfortunately, this is the only serious candidate to extend 
simulteneously \E + ) and \E~). 

However, we can give meaning to formula (0) on a smaller space. Let us take 
the intersection n and assume that it is nontrivial. Take <p G H . 
This ip can be viewed either as an element of $ + , and then we call it ip + , or as 
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an element of $ , and then, we call it (p . Let us consider the following pair of 
functions: 

(E+\(p + ) = E/n+V ; {E~\(p-) = c/crV (10) 

From (|T(1|), we can see that: 



(£+|<^+) = f/Q; 1 !^- 1 ^-^-) 
= IfS" 1 */- 1 ^-^-) 

= S*(E + iO)(E-\<p-) (11) 

This implies that: 

(E + \ = S*{E + iO)(E~\ <S> \E + ) = S{E + iO)\ET) (12) 
but this formula is valid only when both terms of the identity act on vectors of 

n $ . 

A similar situation happens with the Gamov vectors. One candidate of the 
extension of |/o) to <fr is the following: 

ip = ip + + <p~ then (ip\f ) := (<p~\f ) (13) 

Since the decomposition is not unique, |/o) is not well defined on ip. 

Once we have raised the question whether there is a relation between \E + ) 
and \E~) or not, it would be interesting to provide an answer to this question. 
Take E > 0. Consider the Schwartz space S and the distribution 8*{E — E ) 
defined as 

/oo 
f(E)5*(E-E )dE = f*(E ) (14) 
-oo 

where f*(E Q ) is the complex conjugate of the value of the Schwartz function 
f(E) at the point Eq. This distribution is an antilinear continuous functional on 
S and can be viewed as the complex conjugate of the Dirac delta. Now, take the 
subspace given by the direct sum 

(H 2 + n S) © (Hi n S) (15) 

This is a proper subspace of S and therefore the functional S*(E — Eq) can be 
restricted to it as it can be restricted to both 7i 2 + n S and H. 2 _ H S. After the 
definitions of $± and $ ± , there exists two unitary mappings V± 

v± = un^ (16) 

such that 

v ± ^ = n 2 T ns\ R+ = 9 T (nlns) (17) 
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where 8 T gives the relation between a function on T-CL and its restriction to 
This relation is one to one, due to the van Winter theorem fll7 |, ||. 



By duality, we can extend all these operators to relations between the dual 



spaces and the relations (jig) hold for the extended operators. In particular: 



v ± x <f> ± = ung 1 x <f> ± = x (n% n s\ R+ ) = e* [ x (n% n 5)] (18) 

After these comments, we can see || that for any fixed value E G K and 

the definition of ((^1^) = ^ T (£ )]* ; ^ T (£) = O^V^ ; G $±) , 
that: 

|£ +> = ft + frt x -£ )] (19) 

|E -) = fi_t/- 1 ^[(5*( J E;- J E; )] (20) 

This equations give: 

\e+) = n+u-^-eme^unz^Eo) (21) 

We observe that the operator that relates these two kets depends: 

(i) On the dynamics through the M0ller wave operators. 

(ii.) On causality via the properties of Hardy functions through the 9± oper- 
ators. Nevertheless, its interesting to point out that the relation between them 
is not of the type 

\E+) = (tt_)- l Ott + \E-) 

where O is an operator, as suggested by ((7|) (recall that S = (fi_) _1 f2 + ). 
Summarizing, formula (0) does not make sense on the space $ = + 
In any case, to make sense out of formula [7|, we need to find a space in which 
both \E~) and \E + ) act. This will necessarily imply a redefinition of either 
or <3?~ or both. On the other hand, it seems natural that the space of outgoing 
states be the result of the action of the S'-operator on the space of incoming 
states, so that: 

S® + = $ out = fi_$ out (22) 

where $ + is defined as in Here, \E~) is a functional on <&~ = fi_<fr out that 
should be defined as in the standard case 0. Take </>~ G $ _ and the function 
given by ip+(E) = UVT_ l ip~ . This function is defined on IR + . Then, if Eq > 0, 
(<P~\Eq) is given by the value of the function [ip + (E)]* at the point E . The 
meaning of \E + ) does not change as a functional on Since these spaces 

are equal, \E~) and \E + ) may be compared. To do it, let us choose <p m G <&+ 
and ip out G $ out . Then, V" = £l-^ ou \ (f + = tt + ip in , we have: 

(V + \E + ) = (Q + ^\Q + \E) = (^\E) = [(E\^)}* = 

= [u^r(E) = [ v -(E)YenlnsL + (23) 
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where K\E) = \E) for E > 0, (see discussion on the last part of the paper on the 
Dirac kets \E) for the free Hamiltonian K.). The action of \E~) on an arbitrary 
ip+ ^ j s defined as: 



(v + \e~) = (n + cp in \n„\E) = (nln + ip in \E) = 

= (S(p in \E) = [S(E + iO)(p-(E)]* = S*(E + iO)((p + \E + ) (24) 

Thus, 

\ET) = S*(E + iO) \E + ) \E + ) = S(E + iO) |£T) (25) 

since 5(£' + iO) for > is a complex number with modulus equal to one. This 
procedure has some inconvenients: 
1.- The function: 



(ip-\E~) S(E + i0) (E + \ V + ) (26) 

is the function that appears under the integral sign in the explicit expression 
for (^ out , S(p m ). This scalar product is the point of departure of the construction 
of Gamov vectors "a la Bohm" and the separation between the contribution of 
the Gamov vectors and the background integral to the decaying process [Q, ||. 
The function (|26| ) is not meromorphic on the lower half plane, since (ip~\E~) G 
T~C% H S\ Rt . To save this situation, we may choose ip ont G fl <&_, so that 
(tp~\E~) G fl S\ R+ fl H 2 _ D S\ R+ . This intersection is not trivial 0, but we 
do not know whether it is dense or not. Even if this intersection were dense, this 
consideration will create problems to define the time evolution for the Gamov 
vectors, as we shall see. 

2.- Worst of all, the expression (tp ont , Sip m ) becomes totally useless for the 
theory of resonances. In fact, since ip ont G S<& + , there exists ?/> m G <&+ such that 
^out = 5 ^,m Thug; ^out j(S y n ) = (g^in g^n) = (^in ^ which is independent 

of the scattering process and, therefore, does not show resonances. 

We could pose the problem in other terms: Is it possible to write a formula 

like 



S\E~) = \E + }1 (27) 

In order to do it, it seems clear that we should extend S to X <I?~ first. Let us 
analyze all possibilities. First of all, let us take the vector space given by: 



S$- = { V G HUH) I 3<p~ G *- : n = Sip-} (28) 

where S is the S'-operator on TC. For simplicity, we shall assume that STL^H) = 
TC ac (H), which, under the posed conditions, happens for instance if H has no 
Hilbert space eigenvalues. 
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Then, S can be extended to the dual x <3? by duality, so that we have a new 
RHS: 



S$ c Wac(ff) C X [S$~] = S( x $~) (29) 

In order to compare the functionals S \E~) and \E + ), they should act on the 
same space. If S \E~) acts on <& + , the bracket (ip + \S\E~) must be well defined 
for any ip + G $ + . This means that for all (p + G $ + , G <fr such that 

Sy>- = ip+ y i.e., $+ c S 1 *!? . Also, if \E + ) acts on S<$>~, for any ■0"" G <$> , then 
the bracket makes sense. Thus, Sip" G V^ - G <I> - , which means 

that S <f> C Consequently, 

S$ =$+ (30) 

This implies that for any (p + G there exists 0~ G such that Sty - = <f + 
and viceversa. This identity has the following equivalent forms: 



(p+ = Sip' Q+<f+ = SQ-ip- J2+E/"V-(-E) = 

= unlu- 1 usu- 1 un^u- 1 ip + (E) (31) 

Since E/Sf/- 1 = 5(E + zO), (0) is equal to 



<p-(E) = S(E + iOpnlQ-U^ip+iE) = S(E + i<Q)U S^U'^+iE) (32) 
Analogously, 

US- l U~ l il) + {E) = S*(E + iO)ip+{E) 

With the property that S(E+iO), with E > 0, is a complex number with modulus 
one, we finally have: 

= = ip+(E) = {E~\r) (33) 

Formula ( |53"D does not make sense if we keep for $ =t the definitions given 
in fll6|) . In fact, (j33p means that VC)_$ + = V-&~, which is not true after ([161) . 
Therefore, in order to make formula fl27D mathematically meaningful, we need to 
reconstruct $ ± with the mentioned property that V+<& + = V $ . This is what 
we are going to do in the next few paragraphs. 

To begin with, let us consider now the space S^M - ) of all Schwartz functions 
supported in the negative semiaxis M~ = (— oo,0]. For any / G S(M.~), the 
function Sjf ±if G where is the Hilbert transform ||TB| . 



Proposition.- The Fourier transform T ($)f ± if) is the restriction to M T of 
a Schwartz function. 
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Proof.- Being given a function /, its Hilbert transform S)f represents the 
convolution of / with the distribution PV (-) (PV denotes Cauchy principal 
value). We know that: 

2PV (-) = — *— + (34) 
\x J x + iO x — iO 

The Fourier transform of this distribution is given by 

T (pV (^j J = i(H(-x) - H{x)) = iG(x) (35) 

where H(x) is the Heaviside or step function. It is zero on the negative semiaxis 
and one on the positive semiaxis. Since the Fourier transform of the convolution 
of two functions is the product of the Fourier transforms of both functions, we 
conclude that: 

F(f)f±if)=iG(x)f(x)±if(x) where f = F(f) (36) 

This Fourier transform is explicitely given by given by 
If x > 

Fftf+if) = ; F(S)f-if) = -2if(x) (37) 

If x < 

F{f>f + if) = 2if(x) ; F(S>f-if) = (38) 

R- 

Equations (|37f) and (^) give us the desired result. ■ 

The functions which are restrictions of Schwartz functions to M.^ are dense in 
L 2 (IR ± ). After that, we conclude by the Paley-Wienner theorem |TTJ that 



Cft/±i/)£(R-) 

is dense in 7i\. 

As a consequence of the van Winter theorem fl7 l, [g, the restrictions of a 
function in 7i\ to either IR + or determine all the values of the function. Fur- 
thermore, these restrictions are dense in L 2 (IR + ) and L 2 (IR - ). Since the functions 
in 

(f>f±if)S(R-) 

are dense in TC±, we immediately follow that their restrictions to L 2 (IR + ) are 
dense in this space. 

Furthermore, the restrictions of the functions in ($jf±if) S^IR - ) to IR + satisfy 
an important property: they admit a unique extension to IR - to be in 7i 2 + and 
another unique extension to Mr to be in 7i 2 _ and these extensions are different, 
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since the intersection TL 2 + fl 7i 2 _ = {0}. To see it, recall that any / G S^IR - ) is 
zero on the positive semiaxis, so that Sjf ± if\ R + = £)/ | R + • Thus, $)f±if G 7{± 
but are indistinguisable on the positive semiaxis. 
Now, let us define the following space: 



A = {g G L 2 (R + ), such that 3 / G S(WT) with g = fif ± if\ R+ } (39) 

As we have seen, A is dense in L 2 (M + ). The space of the restrictions to M~ 
of Schwartz functions can be endowed with a nuclear locally convex topology 
exactly as we do on the Schwartz space. Then, it is immediate to show that: 

A C L 2 (R + ) C X A (40) 

is a RHS. If we construct: 

$± = V^A (41) 

we have triplets with the required conditions so that the formula S \E~~) = \E + ) 
is correctly defined. Note that in this case, we have for the spaces defined right 
before (|): = = U~ l A. 

It seems that we have found triplets that satisfy all possible good properties. 
This is however false! Certainly, we can define the Gamow vectors using the triplet 
(D with $± defined as in flUD , but this causes a severe dificulty: if <p(E) G A, 
then, e ltE ip{E) ^ A for any t ^ 0. The reason is very simple: assume, for instance, 
that t > 0. For f(E) G A, the integrals: 

/oo 
\f(E + ia)\ 2 dE (42) 
-oo 

are uniformly bounded for a > 0, but they are not for a < 0. This means that 
there is no time evolution for $ ± and its duals, when they are defined as in 
(f4lD , because then, for any t and any y9 ± G $ ± , e i ' H <^ ± ^ $ ± . 

Summarizing: If we want to give meaning to formula ([?[), we loose informa- 



tion about S- matrix poles. If we want to give meaning to formula (27), we loose 
the time behaviour for Gamov vectors. ■ 

We want to end this paper with another comment. Let us consider again the 
spaces : $± and the RHS given in (0). We know that the free Hamiltonian K 
reduces these spaces (K<&± C <3?±) and is continuous on them. Therefore, it can 
be continuously extended to <fr± by duality. Since the spectrum of K coincides 
with the positive semiaxis M + , for any E G R + there is a generalized eigenvector 
\E±) of K in $^: K\E±) = E\E±). These functionals are defined as follows: Let 
cp± g <f>± and U(p± = <p T (E). Take E' G M + , the functional \E' ± ) is defined by 
the mapping: 

<p ± .— > [^(E'))* = (<p±\E' ± ) (43) 
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We want to show that \E±) are indeed the restrictions to $± of a functional 
on a bigger space. This bigger space is: 

* = + $ (44) 

Let us take cp G Then, p = <p + + p_ and this decomposition is not 
unique. Let us define the action of U on tp G as (p(E) :— Ucp — U(p + + U(p_ = 
<P-(E) + ip + (E). Obviously, this mapping is well defined and does not depend 
on the decomposition of ip. For any E G M + , the mapping on ^ given by 
ip i — > [ip(E)\* = (<p\E) is well defined. To prove its continuity, we write: 

|^)| < \<p-(E)\ + \<p+(E)\ < sup{[^-(^)[} + Bup{\<p + (E)\} = 

= Po( i P+) +Po( ( P-) ( 45 ) 
Here, po represents one of the seminorms (here are indeed norms) that provide 



the topology on $± |Tj|. Since the above inequality hold for any decomposition 
of (p, we finally have: 

\<p(E)\ <M{p (p + )+ Po (p^} (46) 

proven the desired continuity. The restriction of the functional \E) to $± is \E±). 
This justifies the unique notation as \E) for these two functionals that appear in 
some publications [0. 
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